It has been conjectured that for any fixed r ≥ 2 and sufficiently large n, there is a monochromatic Hamiltonian Berge-cycle in every (r − 1)-coloring of the edges of K r n , the complete r-uniform hypergraph on n vertices. In this paper, we give a proof for the case when r ≥ 5. Together with the previously known results, this gives a positive answer to this conjecture.
Introduction
For a given r ≥ 2, an r-uniform Berge-cycle of length n, denoted by C r n , is an runiform hypergraph with the core sequence v 1 , v 2 , . . . , v n as the vertices, and distinct edges e 1 , e 2 , . . . , e n such that e i contains v i , v i+1 , where addition is in modulo n. A Bergecycle of length n in a hypergraph with n vertices is called a Hamiltonian Berge-cycle.
For an r-uniform hypergraph H, the Ramsey number R k (H) is the minimum integer n such that in every k-edge coloring of K r n there exists a monochromatic copy of H. The existence of such a positive integer is guaranteed by Ramsey's classical result in [9] . Recently, the Ramsey numbers of various variations of cycles in uniform hypergraphs have been studied, e.g. see [5, 6, 8] . In this regard, Gyárfás et al. proposed the following conjecture for Berge-cycles: Conjecture 1.1. [2] Assume that r ≥ 2 is fixed and n is sufficiently large. Then every (r − 1)-edge coloring of K r n contains a monochromatic Hamiltonian Berge-cycle.
Conjecture 1.1 states that for a given r ≥ 2 we have R r−1 (C r n ) = n when n is sufficiently large. The case r = 2 is trivial. The case r = 3 was proved in [2] . Recently, Maherani and the author gave a proof for the case r = 4; see [7] . To see more results on Conjecture Proof of Theorem 1.2: Suppose to the contrary that there is no monochromatic Hamiltonian Berge-cycle in a given (r − 1)-edge coloring c of H = K r n with colors 1, 2, . . . , r − 1. For each 1 ≤ i ≤ r − 1, let W i be the set of all edges e of G = Γ(H) for which i / ∈ L * (e). Using Lemma 2.1 in [7] , we may assume that the spanning subgraph of G with edge set E(G) \ W i is not Hamiltonian. Now consider S i ⊆ W i with minimum cardinality such that the spanning subgraph induced by E(G) \ S i in G is not Hamiltonian. Assume that G i and G c i are the spanning subgraphs of G induced by S i and E(G) \ S i , respectively. For any two non-adjacent vertices x and y of G c i the graph G c i + xy is Hamiltonian and so by Lemma 2.1 we have
Therefore, for any two adjacent vertices x and y of G i we have
and R i are the sets of all isolated vertices and all vertices with degree at least (n − 1)/2 of G i , respectively. Also, assume that
is an independent set in G i and R i = ∅. One can easily see that |R i | ≥ |T i | for each i. Assume to the contrary that for some i we have
is a Hamiltonian cycle in G c i , a contradiction. By the same argument we have
For each vertex x ∈ V (G) and any 1 ≤ i ≤ r − 1 assume that
and d i (x) is the number of edges of color i containing x in H. For any I ⊆ [r − 1] = {1, 2, . . . , r − 1} set U I (x) = i∈I U i (x) and U I (x) = i∈I U i (x). We say that a set of vertices S ⊆ V (G) avoids the set of colors W ⊆ [r − 1] if for each i ∈ W there is a vertex x ∈ S with d i (x) ≤ 4r r−1 or an edge e = xy for x, y ∈ S with i / ∈ L * (e). An argument similar to the proof of Claim 2.3 of Theorem 2.2 in [7] (set t = 2 and follow the proof) yields the following result: 
be the largest subset of vertices with |S| ≤ r − 1 that avoids a set containing |S| colors. Note that it is possible to have S = ∅. Without any loss of generality, we may assume that S avoids [f ]. The case f = r − 1 is impossible since the number of edges in H containing S is n−r+1 and the number of edges of color i containing S is at most
we have U r−1 (x) ≥ (n − 1)/2 and so there is no thing to prove. Now let f ≤ r − 3. It is easy to see that
Without any loss of generality, assume that x ∈ R r−1 . Since x has degree at least (n − 1)/2 in G r−1 , we have U r−1 (x) ≥ (n − 1)/2. On the other hand, for each i = f + 1, . . . , r − 1, we have x ∈ R i ∪ Q i . Hence for each f + 1 ≤ i ≤ r − 1, there is a vertex y i where xy i ∈ E(G i ) and so i / ∈ L * (xy i ). Now let
i=f +1 T i . We consider the following cases:
for any two adjacent vertices x and y of G i . One can easily see that for each f + 1 ≤ i ≤ r − 1, the bipartite subgraph of G i with color classes R i and Q i is complete and also the subgraph of G i induced by R i is complete. First let f = r − 3. Then R r−1 = T r−2 and R r−2 = T r−1 . Clearly, there is a vertex w = y r−3 such that r − 2 / ∈ L * (wy r−3 ) (resp. r − 1 / ∈ L * (wy r−3 )) if y r−3 ∈ R r−2 ∪ Q r−2 (resp. y r−3 ∈ R r−1 ∪ Q r−1 ). Thus S ∪ {w} avoids a set containing at least |S| + 1 colors, which is impossible by the maximality of S. Now let f ≤ r − 4. Suppose that for every
Without any loss of generality, assume that |A i | ≤ |A j | for i ≤ j. First let A r−3 be non-empty. Clearly R i \ T r−1 is non-empty for some i ∈ {r − 3, r − 2}. Therefore, i, r − 1 / ∈ L * (uv) for all u ∈ B i and v ∈ R i \ T r−1 and so S ∪ {u, v} avoids [f ] ∪ {i, r − 1}, which is impossible. Now assume that
∈ L * (uv) for u ∈ B i and v ∈ R i \ T r−1 and so S ∪ {u, v} avoids [f ] ∪ {i, r − 1}, which is impossible. Otherwise, f = r − 4 and R r−3 = T r−1 . Since
i=f +1 T i , we have R r−1 = T r−2 and R r−2 = T r−3 . Hence for any three vertices v i ∈ R i where i = r − 3, r − 2, r − 1, we
Without any loss of generality, assume that R r−1 ∩ R r−2 = ∅ and let
and so S ∪ {x, y} avoids a set containing at least |S| + 2 colors 1, 2, . . . , f, r − 2, r − 1, which is impossible. Therefore,
and so S ∪ {w} avoids a set containing at least |S| + 1 colors, which is impossible by the maximality of S. Therefore, we may assume that f = 0. Since
and with the same argument we conclude that G i ≥ (n 2 − 1)/8 for each 1 ≤ i ≤ r − 1. Since f = 0, we have S i ∩ S j = ∅ for any 1 ≤ i, j ≤ r − 1 and so
We choose distinct vertices x and {y i } r−1 i=1 with desired properties mentioned in Claim 2.3 and maximum f . In the sequel, for simplicity we denote U I (x) and U I (x) (for I ⊆ [r − 1]) by U I and U I , respectively. Since f is maximum, it is easy to see that U i ∩ U j = ∅ for any f + 1 ≤ i, j ≤ r − 1 and i = j. Without loss of generality assume that,
Let Y = {y 1 , y 2 , . . . , y r−1 }\{y f +1 }. In the rest of our proof we define a Hamiltonian graph Γ with V (Γ) = V (H), in such a way that every Hamiltonian cycle C of Γ can be extended to a monochromatic Hamiltonian Berge-cycle of H. For this, we consider the following cases:
Consider a graph Γ with vertex set V (Γ) = V (H) and edge set E(Γ) = E 1 ∪ E 2 , where E i 's are defined as follows:
and F 1 = {e uv |uv ∈ E 1 }.
For every u ∈ V (Γ) \ Y , apart from at most (r − 2) 4r r−1 choices of v ∈ V (Γ) \ (Y ∪ {u}) the edges e uv = Y ∪ {u, v} of H are of color r − 1. Thus d Γ (u) ≥ n − r 4r r−1 . Also, for each 1 ≤ i ≤ r − 2 we have d Γ (y i ) = n − (r − 2). One can easily see that Dirac's condition implies that the graph Γ is Hamiltonian; see [1] . Now we show that every Hamiltonian cycle in Γ can be extended to a monochromatic Hamiltonian Berge-cycle in H. Suppose that v 1 , v 2 , . . . , v n are the vertices of a Hamiltonian cycle C in Γ. For each i = 1, 2, . . . , n, we define an edge f i ∈ E(H) of color r − 1 in the same order their subscripts appear so that {v i , v i+1 } ⊆ f i and f 1 , f 2 , . . . , f n make a Hamiltonian Berge-cycle with the core sequence
and f i = f j for every j < i. Such an edge exists since at least n − r 4r r−1 edges of color r − 1 contain Y ∪ {v i , v i+1 }, and {v i , v i+1 } has been used in at most 2(r − 3) + 1 edges f j 's for j < i.
Clearly, there are at most (r − 2)|U i | edges in M of color i for each f + 1 ≤ i ≤ r − 1. On the other hand, at most 4r r−1 edges in M are of color i for every 1 ≤ i ≤ f . Therefore,
.
,
Clearly f (x) is an increasing function, since its derivative is positive for every x. Since s ≥ (r − f − 2)(r − 1), U r−1 ≥ (n − 1)/2 and n > 6r 4r r−1 , we have
Assume that Y i = Y \{y i } for every f +2 ≤ i ≤ r−1 and U f +1 = {u 1 (= y f +1 ), u 2 , . . . , u l }. Clearly l ≤ r − 2. Let U be the set of all vertices y / ∈ Y ∪ {x}, for which the edge Y ∪ {x, y} is of color f + 1. It is easy to see that |U | ≥ n − r 4r r−1 . Let U be partitioned into A 1 , A 2 , . . . , A r−1 , where |A r−1 | = ⌊ n 2 ⌋ + 1, A f +1 = ∅ and |A i \ A j | ≤ 1 for every 1 ≤ i, j ≤ r − 2 where i, j = f + 1. Consider a graph Γ with vertex set V (Γ) = V (H) and edge set E(Γ) = 5 i=1 E i , where E i 's are defined as follows:
, set e uv = Y i ∪ {x, u, v} and F 1 = {e uv |uv ∈ E 1 }.
•
• Let Γ 1 be the graph with vertex set V (Γ) and edge set
, otherwise. Now we show that there are
∈ F 1 ∪ F 2 (where 1 ≤ i ≤ l and 1 ≤ j ≤ t i ) of color f + 1 with u i ∈ e ij such that for each 1 ≤ i ≤ l there exist t i distinct vertices v ij ∈ e ij \ N i . For this, set r 11 = 0, N 11 = N 1 and E 11 = F 1 ∪ F 2 and follow the following step for i = 1, 2, . . . , l.
Step i:
+ r ij , there is an edge e ij / ∈ E ij of color f + 1 which contains u i and a vertex v ij ∈ e ij \ N ij . Now set r i(j+1) = r ij + 1, N i(j+1) = N ij ∪ {v ij } and E i(j+1) = E ij ∪ {e ij } and continue the above procedure. We apply the above procedure t i times to find the edges e ij and the vertices v ij for 1 ≤ j ≤ t i with desired properties. Finally let r (i+1)1 = r it i + 1, N (i+1)1 = N i+1 and E (i+1)1 = E i(t i +1) and go to Step i + 1.
Clearly E l(t l +1) \E 11 contains l i=1 t i distinct edges e ij with desired properties. Now
where Γ 2 is the graph with vertex set V (Γ) and edge set
An argument similar to one used in the definition of E 3 shows that there are
• 
, where Γ 2 is the graph with vertex set V (Γ) and edge set We show that every Hamiltonian cycle in Γ can be extended to a monochromatic Hamiltonian Berge-cycle of color f + 1 in H. Suppose that v 1 , v 2 , . . . , v n = x are the vertices of a Hamiltonian cycle C in Γ. Now for each i = 1, 2, . . . , n, we define an edge f i ∈ E(H) of color f + 1 in the same order their subscripts appear so that {v i , v i+1 } ⊆ f i and f 1 , f 2 , . . . , f n make a Hamiltonian Berge-cycle with the core sequence v 1 , v 2 , . . . , v n . First, let 1 ≤ i ≤ n − 2. If v i v i+1 ∈ E j for some j ∈ {1, 2}, set f i = e v i v i+1 ∈ F j . Set f i = e kj ∈ F 3 for {v i , v i+1 } = {u k , v kj } and u k v kj ∈ E 3 where k ∈ {1, 2, . . . , l} and 1 ≤ j ≤ t k . Also, set f i = e ′ kj ∈ F 4 for {v i , v i+1 } = {w k , v ′ kj } and w k v ′ kj ∈ E 4 where k ∈ {1, 2, . . . , r} and 1 ≤ j ≤ t ′ k . Now let i = n − 1. Since {v n−1 , x} has been used in at most one of the edges f i 's, where 1 ≤ i ≤ n − 2 (only possibly in f n−2 ) and f + 1 ∈ L * (v n−1 x), then we can choose an appropriate edge f n−1 of color f + 1 where f n−1 = f i for each 1 ≤ i ≤ n − 2. Similarly, for i = n, since {x, v 1 } has been used in at most one of the edges f i 's, where 1 ≤ i ≤ n − 1 (only possibly in f 1 ) and f + 1 ∈ L * (xv 1 ), then we can choose an appropriate edge f n of color f + 1.
